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ON THE CYCLIC SUBGROUP SEPARABILITY
OF THE FREE PRODUCT OF TWO GROUPS
WITH COMMUTING SUBGROUPS
E. V. SOKOLOV
Abstract. LetG be the free product of groupsA andB with com-
muting subgroups H 6 A and K 6 B, and let C be the class of all
finite groups or the class of all finite p-groups. We derive the de-
scription of all C-separable cyclic subgroups of G provided this
group is residually a C-group. We prove, in particular, that if A,
B are finitely generated nilpotent groups and H , K are p′-isolated
in the free factors, then all p′-isolated cyclic subgroups of G are
separable in the class of all finite p-groups. The same statement is
true provided A, B are free and H , K are p′-isolated and cyclic.
Introduction
Let pi be a set of prime numbers, and let Fpi be the class of all finite
pi-groups (recall that a finite group is said to be a pi-group if, and only
if, all prime divisors of its order belong to pi). It is the main aim of this
paper to investigate the Fpi-separability of cyclic subgroups of free prod-
ucts of two groups with commuting subgroups.
Recall (see [6, section 4.2]) that the free product of two groups A
and B with commuting subgroups H 6 A and K 6 B,
G = 〈A ∗B; [H,K] = 1〉,
is the quotient group of the ordinary free product A ∗B by the mutual
commutant [H,K] of H and K.
Certain algorithmic problems are investigated in respect to this con-
struction in [1, 2, 7]. E. D. Loginova [4, 5] researches its residual prop-
erties and obtains a condition which is necessary and sufficient for G
to be residually an Fpi-group provided pi either coincides with the set
of all prime numbers or is an one-element set. Also, she proves that
if all cyclic subgroups of A and B are separable in the class of all fi-
nite groups, then G possesses the same property. At last, D. Tieudjo
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and D. I. Moldavanskii [10, 11, 12, 13] consider in detail the special
case of the given construction when A and B are cyclic.
This paper generalizes the results of E. D. Loginova and D. Tieudjo
mentioned above. We derive the description of all Fpi-separable cyclic
subgroups of G provided pi either coincides with the set of all prime
numbers or is an one-element set and not necessarily all cyclic sub-
groups of the free factors are Fpi-separable.
The first section of the paper is devoted to the discussion of the re-
lationship between the notions of subgroup separability, subgroup iso-
latedness and quasi-regularity. The second section contains the proof
of the main theorem. Some corollaries and applications of this result
are given in the third section of the paper.
1. Separability, isolatedness and quasi-regularity
Let X be a group, and let Ω be a family of normal subgroups of X .
We shall say that a subgroup Y of X is separable by Ω if
⋂
N∈Ω
Y N = Y.
For each subgroup Y , we call the subgroup
⋂
N∈Ω
Y N
the Ω-closure of Y and denote it by Ω-Cl(Y ). It is easy to see that
the Ω-closure of Y is the least subgroup which contains Y and is sep-
arable by Ω.
Let further Ωpi(X) denote the family of all normal subgroups of fi-
nite pi-index of X (i. e. the family of all such subgroups that the quo-
tient groups by them belong to Fpi). If a subgroup Y is separable
by Ωpi(X), it is called Fpi-separable in X . A group X is said to be
residually an Fpi-group if its trivial subgroup is Fpi-separable. If pi co-
incides with the set of all prime numbers and Fpi is the class of all finite
groups respectively, we get the well known notions of (finite) subgroup
separability and residual finiteness.
We shall say also that a group X is Fpi-quasi-regular by its sub-
group Y if, for each subgroup M ∈ Ωpi(Y ), there exists a subgroup
N ∈ Ωpi(X) such that N ∩ Y 6 M . The notion of quasi-regularity is
closely tied to separability as the next statement shows.
Proposition 1.1. Let X be a group, and let Y be its Fpi-separ-
able subgroup. Then X is Fpi-quasi-regular by Y if, and only if, all
subgroups of Ωpi(Y ) are Fpi-separable in X.
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Proof. Necessity. Let M be a subgroup of Ωpi(Y ), and let x ∈ X be
an arbitrary element which does not belong to M . If x /∈ Y , we can
use the Fpi-separability of Y and find a subgroup N ∈ Ωpi(X) such that
x /∈ Y N and, hence, x /∈MN .
Let now x ∈ Y . Since X is Fpi-quasi-regular by Y , there exists
a subgroup N ∈ Ωpi(X) satisfying the condition N ∩Y 6M . It is easy
to see that in this case MN ∩ Y = M and so again x /∈MN .
Thus, M is Fpi-separable in X .
Sufficiency. Let againM be an arbitrary subgroup of Ωpi(Y ), and let
1 = y1, . . . , yn be a set of representatives of all cosets ofM in Y . ForM
is Fpi-separable in X , we can find a subgroup N ∈ Ωpi(X) such that
y2, . . . , yn /∈MN .
If we suppose now that the intersection N∩Y is not contained inM ,
choose an element g ∈ (N ∩ Y )\M , and write it in the form g = xyi
for suitable i ∈ {2, . . . , n} and x ∈ M , then we get xyi ∈ N . But it
follows from here that yi ∈ MN what contradicts the choice of N .
Thus, N ∩ Y 6M and X is Fpi-quasi-regular by Y . 
We call a subgroup Y of a group X subnormal in this group if there
exists a sequence of subgroups
Y = Y0 6 Y1 6 . . . 6 Yn = X
every term of which is normal in the next.
Proposition 1.2. If Y is a subnormal subgroup of finite pi-index
of a group X, then the Fpi-quasi-regularity of X by Y holds.
Proof. Let M be an arbitrary subgroup of Ωpi(Y ). Since Y is a sub-
normal subgroup of finite pi-index of X , then M possesses the same
properties. Hence, there exists a series
M = M0 6 M1 6 . . . 6 Mn = X
such that Mi ∈ Ωpi(Mi+1), i = 0, 1, . . . , n−1. Let us show that there is
a subgroup N ∈ Ωpi(X) such that N 6M and, therefore, N ∩ Y 6 M .
We shall use induction on n.
With n = 1 we have M ∈ Ωpi(X) and so can simply put N = M .
Let now n > 1 and
N1 =
⋂
x∈M2
Mx.
It is obvious that N1 is normal in M2. Consider a set of representa-
tives of all right cosets of M in M2: {x1, x2, . . . , xq}.
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Since any element x ∈ M2 can be written in the form x = mxxi
for suitable i ∈ {1, . . . , q} and mx ∈M , then M
x = Mxi and
N1 =
q⋂
i=1
Mxi .
For M1 is normal in M2, so it is invariant under the conjugation
by any element xi. From this it follows that all subgroups M
xi belong
to Ωpi(M1). Hence, the quotient group M1/N1 is isomorphic to a sub-
group of the direct product of the finite pi-groups M1/M
xi and so is
itself a finite pi-group.
Thus, N1 belongs to Ωpi(M2), and we can apply the induction hy-
pothesis to it. In accordance with this hypothesis there exists a sub-
group N ∈ Ωpi(X) such that N 6 N1. Since N1 6 M , N is desired,
and the proposition is proved. 
As usual, we denote by pi′ the complement of a set pi in the set of all
prime numbers. Recall that a subgroup Y of a group X is said to be
pi′-isolated in X if, for each element x ∈ X and for each number q ∈ pi′,
the inclusion xq ∈ Y implies x ∈ Y .
Proposition 1.3. Every Fpi-separable subgroup is pi
′-isolated.
In particular, if a group is residually an Fpi-group, then it is pi
′-torsion-
free.
Proof. Let us suppose that a subgroup Y of a group X is not pi′-iso-
lated and x ∈ X is such an element that x /∈ Y but xq ∈ Y for some
number q ∈ pi′. Let also N be an arbitrary subgroup of Ωpi(X), and let
n be the order of x modulo this subgroup.
Since n is a pi-number, there exists a natural number m such that
qm ≡ 1 (mod n) and, hence, x ≡ xqm (mod N). Then x ∈ Y N and,
because N has selected arbitrarily, Y is not Fpi-separable in X . 
Let us call the least pi′-isolated subgroup of a group X containing
a subgroup Y the pi′-isolator of Y in X and denote it by Ipi′(X, Y ).
Proposition 1.4. If X is residually an Fpi-group, then the pi
′-iso-
lator of an arbitrary abelian subgroup Y of X is an abelian subgroup
and coincides with the set of all pi′-roots being extracted from the ele-
ments of Y in X.
Proof. Since the Ωpi(X)-closure of Y isFpi-separable, then it is api
′-iso-
lated subgroup of X containing Y . Therefore,
Ipi′(X, Y ) 6 Ωpi(X)-Cl(Y ).
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Suppose that the commutator of some elements x1, x2 ∈ Ipi′(X, Y )
is not equal to 1. Then, since X is residually an Fpi-group, there
exists a subgroup N ∈ Ωpi(X) such that [x1, x2] /∈ N . From the other
hand, x1, x2 ∈ Ωpi(X)-Cl(Y ) in view of the inclusion mentioned above,
and, in particular, x1, x2 ∈ Y N . So the elements x1N , x2N belong
to the abelian subgroup Y N/N of X/N and [x1N, x2N ] = 1. It follows
from here that [x1, x2] ∈ N , and we get a contradiction proving that
Ipi′(X, Y ) is an abelian group.
Let now u, v ∈ X be arbitrary elements such that uq, vr ∈ Y for some
pi′-numbers q and r. Then u, v ∈ Ipi′(X, Y ) and (uv)
qr = uqrvqr ∈ Y .
Therefore, the set of all pi′-roots being extracted from the elements of Y
in X is a subgroup and, hence, coincides with Ipi′(X, Y ). 
Proposition 1.5. If X is residually an Fpi-group, then the pi
′-iso-
lator of an arbitrary locally cyclic subgroup Y of X is a locally cyclic
subgroup.
Lemma. If x, y ∈ X and yq ∈ 〈x〉 for some pi′-number q, then
the subgroup 〈x, y〉 is cyclic.
Proof. First of all let observe that Ipi′(X, 〈x〉) is an abelian subgroup
by the previous proposition and y ∈ Ipi′(X, 〈x〉). Therefore, [x, y] = 1.
Let yq = xk. Without lost of generality we can consider q to be
prime. So the only two cases are possible: q|k and (k, q) = 1.
If k = ql, then the equality yq = xql implies (y−1xl)q = 1. But X
is residually an Fpi-group, so it is pi
′-torsion-free by Proposition 1.3.
Therefore, y = xl and 〈x, y〉 = 〈x〉.
If (k, q) = 1, then ku+ qv = 1 for certain whole numbers u, v and
x = xku+qv = yquxqv = (yuxv)q,
y = yku+qv = ykuxkv = (yuxv)k.
Thus, 〈x, y〉 = 〈yuxv〉. 
Proof of proposition. Let u, v be arbitrary elements of Ipi′(X, Y ).
By Proposition 1.4, Ipi′(X, Y ) coincides with the set of all pi
′-roots
being extracted from the elements of Y in X . So uq = y1 ∈ Y ,
and vr = y2 ∈ Y for some pi
′-numbers q and r.
Since Y is locally cyclic, the subgroup 〈y1, y2〉 is cyclic and is gen-
erated by an element y ∈ Y . By Lemma, the subgroup 〈y, u〉 is also
cyclic and is generated by an element w ∈ Ipi′(X, Y ). If we apply now
Lemma to w and v, then we get that 〈w, v〉 = 〈t〉 for some element
t ∈ Ipi′(X, Y ). Thus, u, v ∈ 〈t〉, and the proposition is proved. 
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2. The main theorem
To formulate the main result of this paper we need some auxiliary
designations.
If Y is a subgroup of a group X , then we denote by ∆pi(X) the family
of all pi′-isolated cyclic subgroups of this group which are not Fpi-separ-
able in it. By Proposition 1.3, if a subgroup is not pi′-isolated in X ,
then it is a fortiori not Fpi-separable in this group. So the family of all
Fpi-separable cyclic subgroups of X is maximal if ∆pi(X) = ∅.
Let
G = 〈A ∗B; [H,K] = 1〉
be the free product of groups A and B with commuting subgroups
H 6 A and K 6 B (these notations will be fixed till the end of the pa-
per). We put
Θpi(HK) = {(X ∩H)(Y ∩K) | X ∈ Ωpi(A), Y ∈ Ωpi(B)}
and denote by Λpi(HK) the family of all cyclic subgroups lying
and pi′-isolated in HK but being not separable by Θpi(HK).
Theorem 2.1. Let pi be a set of prime numbers that coincides
with the set of all prime numbers or is one-element, and let at least
one of the following equivalent statements holds:
1) A and B are residually Fpi-groups, H and K are Fpi-separable
in the factors;
2) G is residually an Fpi-group.
Then a pi′-isolated cyclic subgroup of G is Fpi-separable in this group
if, and only if, it is not conjugated with any subgroup of the family
∆pi(A) ∪∆pi(B) ∪ Λpi(HK).
Proof. First of all we note that the equivalence of the conditions 1
and 2 was stated in [5]. So the only thing that it is necessary to prove
is the criterion of the Fpi-separability of a cyclic subgroup of G. We
begin with the check of the necessity of the condition.
If a cyclic subgroup C belongs to ∆pi(A), then it is not Fpi-separable
in A and there exists an element a ∈ A\C such that a ∈ CX for any
subgroup X ∈ Ωpi(A). But then a ∈ CL for every subgroup L ∈ Ωpi(G)
since L ∩ A ∈ Ωpi(A). Therefore, C is not Fpi-separable in G. It is
obvious that any subgroup conjugated with C is also not Fpi-separable
in G.
It can be proved in precisely the same way that any subgroup
of ∆pi(B) or of Λpi(HK) is not Fpi-separable in G. It needs only note
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that, if L ∈ Ωpi(G), then
(L ∩H)(L ∩K) ∈ Θpi(HK).
Before passing to the sufficiency we give some facts about the struc-
ture and properties of free products with commuting subgroups.
Recall that the free product of groups M and N with subgroups
U 6 M and V 6 N amalgamated according to an isomorphism
ϕ : U → V ,
T = 〈M ∗N ; U = V, ϕ〉,
is the quotient group of the ordinary free product M ∗N of M and N
by the normal closure of the set {u(uϕ)−1 | u ∈ U}.
It is known that the subgroups of T generated by the generators ofM
and N are isomorphic to these groups and, therefore, may be identified
with them. Herewith, U and V turn out to be coincident and this lets
us to write down T in the form
T = 〈M ∗N ; U〉
considering ϕ as given.
We need also one more simply checked property of elements of gener-
alized free products of two groups. Recall that the length of an element
of T is the length of any reduced form of this element.
Proposition 2.2 ([8, Proposition 2.1.6]). For every two elements
x, y ∈ T , if one of them has an even length and y = xq for some
positive number q, then the other element has an even length too
and l(y) = l(x)q. 
It is easy to see [5] that the structure of G can be described in terms
of the construction of free product with amalgamated subgroup as fol-
lows.
Let U = HK, M = 〈A,U〉, and N = 〈B,U〉. Then U is the direct
product H ×K of H and K, M is the free product 〈A ∗ U ; H〉 of A
and U with H amalgamated, N is the free product 〈B ∗ U ; K〉 of B
and U with K amalgamated, and G is the free product 〈M ∗ N ; U〉
of M and N with U amalgamated.
If Y is a subgroup of a group X , we put
Ωpi(X, Y ) = {L ∩ Y | L ∈ Ωpi(X)}
and denote by ∆pi(X, Y ) the family of all cyclic subgroups lying
and pi′-isolated in Y , but being not separable by Ωpi(X, Y ). The fol-
lowing statements take place.
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Proposition 2.3 ([9, Theorems 1.2 and 1.6]). Let pi be a set
of prime numbers which coincides with the set of all prime numbers or is
one-element, and let T = 〈M ∗N ; U〉 be the free product of groups M
and N with an amalgamated subgroup U . If {1} and U are separa-
ble by both Ωpi(T,M) and Ωpi(T,N), then a pi
′-isolated cyclic subgroup
of T is Fpi-separable in this group if, and only if, it is not conjugated
with any subgroup of ∆pi(T,M) ∪∆pi(T,N). 
Proposition 2.4 ([5, Lemmas 1 and 3]). Let pi be a set of prime
numbers which coincides with the set of all prime numbers or is one-
element. If A, B are residually Fpi-groups and H, K are Fpi-separable
in the free factors, then {1} and U are separable by both Ωpi(G,M)
and Ωpi(G,N). 
It follows also from the proof of Lemmas 1 and 3 of [5] that the state-
ment below holds.
Proposition 2.5. Let pi be a set of prime numbers which coin-
cides with the set of all prime numbers or is one-element, X ∈ Ωpi(A),
Y ∈ Ωpi(B), and Q = (X∩H)(Y ∩K). Then any subgroup R ∈ Ωpi(M)
such that R ∩A = X and R ∩ U = Q belongs to Ωpi(G,M). The same
statement holds for the subgroups of Ωpi(N). 
Now we can turn straight to proof of sufficiency. Due to Proposi-
tions 2.3 and 2.4, we need only show that every subgroup of ∆pi(G,M)
is conjugated with some subgroup of ∆pi(A) ∪ Λpi(U) and every sub-
group of ∆pi(G,N) does with some subgroup of ∆pi(B) ∪ Λpi(U). We
consider M , the arguments for N are the same.
Subgroups X 6 A and Q 6 U will be called (H, pi)-compatible
if there exists a subgroup L ∈ Ωpi(M) such that L ∩A = X and
L ∩ U = Q. Since in this case X ∩H = Q ∩H , the function
ϕX,Q : HX/X → HQ/Q
which maps an element hX , h ∈ H , to hQ is a correctly defined iso-
morphism of subgroups. Therefore, we can construct the group
MX,Q = 〈A/X ∗ U/Q; HX/X = HQ/Q, ϕX,Q〉
and extend the natural homomorphisms of A onto A/X and of U
onto U/Q to the homomorphism ρX,Q of M onto MX,Q.
Note that to prove the separability of a cyclic subgroup C of M
by Ωpi(G,M) it is sufficient to be able to find for every element g ∈M\C
a pair of subgroups X ∈ Ωpi(A) and Y ∈ Ωpi(B) such that gρX,Q doesn’t
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belong to some pi′-isolated cyclic subgroup DX,Q of MX,Q containing
CρX,Q (where, as early, Q = (X ∩H)(Y ∩K)).
Indeed, it is proved in [9] that the (H, pi)-compatibility of X and Q
implies thatMX,Q is residually an Fpi-group and all its pi
′-isolated cyclic
subgroups are Fpi-separable. So, if X and Y possess the mentioned
properties, then there exists a subgroup RX,Q ∈ Ωpi(MX,Q) such that
gρX,Q /∈ DX,QRX,Q and, hence, gρX,Q /∈ CρX,QRX,Q.
Further, since the quotient groups A/X and U/Q are finite, we can
consider that
RX,Q ∩ A/X = RX,Q ∩ U/Q = 1.
Then the pre-image R of RX,Q under ρX,Q satisfies the relations
R ∩A = X and R ∩ U = Q. It follows now from Proposition 2.5 that
R ∈ Ωpi(G,M) and meanwhile g /∈ CR as it is required.
So let C = 〈c〉 be a pi′-isolated cyclic subgroup of M being not
conjugated with any subgroup of ∆pi(A) ∪ Λpi(U). We show that C is
separable by Ωpi(G,M).
Let g ∈M be an arbitrary element not belonging to C, and let
g = g1g2 . . . gm, c = c1c2 . . . cn
be reduced forms of g and c considering as the elements of the general-
ized free product M . Applying, if necessary, a suitable inner automor-
phism of G defining by an element of M we can consider further that
c is cyclically reduced.
Let, at first, n = 1, and let, for definiteness, c ∈ A (the case
when c ∈ U is considered in the same way).
Note that if X ∈ Ωpi(A), Y ∈ Ωpi(B), and Q = (X∩H)(Y ∩K), then
all cyclic subgroups of the free factors of MX,Q (the finite pi-groups)
are pi′-isolated. So it is sufficient to point out a pair of subgroups
X ∈ Ωpi(A), Y ∈ Ωpi(B) such that gρX,Q /∈ CρX,Q.
By the condition, C is separable by Ωpi(A). Therefore, if g ∈ A, then
there exists a subgroup X ∈ Ωpi(A) such that g /∈ CX and, hence,
gρX,Q /∈ CρX,Q regardless of the choice of Y .
Let g /∈ A. Then, if m = 1, g = g1 ∈ U\H . When m > 1, every
syllable gi of the reduced form of g belongs to one of the free factors
and doesn’t belong to the amalgamated subgroup.
By the condition of the theorem, H is separable by Ωpi(A).
If u ∈ U\H and u = hk for suitable elements h ∈ H , k ∈ K, then
k 6= 1 and, since B is residually an Fpi-group, there exists a subgroup
Y ∈ Ωpi(B) such that k /∈ Y . Then
u /∈ H(X ∩H)(Y ∩K) = H(Y ∩K)
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regardless of the choice of a subgroup X ∈ Ωpi(A). Thus, H is separable
by Θpi(U).
It follows from the told that, for every i (1 6 i 6 m), one can point
out a pair of subgroups Xi ∈ Ωpi(A), Yi ∈ Ωpi(B) such that gi /∈ HXi
if gi ∈ A and gi /∈ H(Yi ∩K) if gi ∈ U . Let us put
X =
m⋂
i=1
Xi, Y =
m⋂
i=1
Yi.
It is obvious that then X ∈ Ωpi(A), Y ∈ Ωpi(B) and the presentation
of gρX,Q as the product
gρX,Q = g1ρX,Qg2ρX,Q . . . gmρX,Q
is still the reduced form in MX,Q. Therefore, its length l(gρX,Q) equals
the length of g, and, if m = 1, then gρX,Q ∈ UρX,Q\HρX,Q. Thus,
in this case the element gρX,Q doesn’t belong to CρX,Q too.
Let now n > 2. As above, we find a pair of subgroups X ∈ Ωpi(A),
Y ∈ Ωpi(B) such that l(gρX,Q) = l(g) and l(cρX,Q) = l(c). Note that
cρX,Q is still a cyclically reduced element.
For any pair of subgroups V ∈ Ωpi(A), W ∈ Ωpi(B) such that V 6 X
and W 6 Y , the equality l(cρV,P ) = l(c) holds, where
P = (V ∩H)(W ∩K).
So the powers of the roots which can be extracted from cρV,P are
bounded as a whole by Proposition 2.2. It follows now from Propo-
sition 1.5 that Ipi′(MV,P , CρV,P ) is a cyclic subgroup. Show that V
and W can be chosen in such a way that gρV,P doesn’t belong
to Ipi′(MV,P , CρV,P ).
Write n in the form n = qt, where q is a pi-number, t is a pi′-num-
ber if pi doesn’t coincide with the set of all prime numbers and t = 1
otherwise.
Case 1. n doesn’t divide mt.
Since n doesn’t dividemt, then, by Proposition 2.2, (gρX,Q)
t /∈ CρX,Q.
Show that gρX,Q /∈ Ipi′(MX,Q, CρX,Q).
Let dX,Q denote a generator of Ipi′(MX,Q, CρX,Q), and let (dX,Q)
z =
cρX,Q. It follows from Proposition 2.2 that then z|n. But z is a pi
′-num-
ber, so it divides t and, therefore,
(Ipi′(MX,Q, CρX,Q))
t 6 CρX,Q.
Thus, supposing that gρX,Q ∈ Ipi′(MX,Q, CρX,Q) we come to the inclu-
sion (gρX,Q)
t ∈ CρX,Y , which contradicts the relation stated above.
Case 2. mt = nk for certain positive k.
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Since C is pi′-isolated in M and g /∈ C, then gt 6= c±k. Arguing
as above we find subgroups R ∈ Ωpi(A), S ∈ Ωpi(B) such that
(g−tck)ρR,L 6= 1 6= (g
−tc−k)ρR,L,
where L = (R ∩ H)(S ∩ K). Let us put V = X ∩ R, W = Y ∩ S,
and P = (V ∩H)(W ∩K).
Then (gρV,P )
t 6= (cρV,P )
±k, and, since
l(gρV,P ) = l(g) = m, l(cρV,P ) = l(c) = n,
we have (gρV,P )
t /∈ CρV,P . As well as in the case discussed above it
follows that gρV,P /∈ Ipi′(MV,P , CρV,P ), and the proof is finished. 
3. Some corollaries
Unfortunately, to describe the family Λpi(HK) is difficult in general
case, and our further efforts will be directed on making it at least
in some special cases.
Proposition 3.1. If A is Fpi-quasi-regular by H and B is Fpi-quasi-
regular by K, then Λpi(HK) = ∆pi(HK).
Proof. Indeed, if L ∈ Ωpi(HK), then we can use the Fpi-quasi-regu-
larity and find such subgroups X ∈ Ωpi(A), Y ∈ Ωpi(B) that X ∩H 6
L ∩H , Y ∩K 6 L ∩K and, hence, (X ∩H)(Y ∩K) 6 L. Therefore,
any subgroup lying in HK and being separable by Ωpi(HK) turns out
to be separable by Θpi(HK) too. Since the inverse statement is obvious,
Λpi(HK) = ∆pi(HK) as it is required. 
The next corollary follows directly from Propositions 3.1 and 1.2.
Corollary 3.2. Let H, K be subnormal in A, B and have finite
pi-indexes in them. Then Λpi(HK) = ∆pi(HK). 
Alas! the structure of the set ∆pi(HK) is also not simple. And so we
continue the research of the separability of the cyclic subgroups lying
in HK and prove
Proposition 3.3. Let A and B be residually Fpi-groups, and let
C be a pi′-isolated cyclic subgroup of HK generated by an element
c = hk, where h ∈ H, k ∈ K. If h has infinite order and all sub-
groups of Ωpi(Ipi′(A, 〈h〉)) are Fpi-separable in A, then C is separable
by Θpi(HK).
Proof. Let g ∈ HK\C be an arbitrary element. We need to point out
such subgroups X ∈ Ωpi(A), Y ∈ Ωpi(B) that g /∈ C(X ∩H)(Y ∩K).
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Write g in the form g = ab for suitable elements a ∈ H , b ∈ K.
If a /∈ Ωpi(A)-Cl(〈h〉), then there exists a subgroup X ∈ Ωpi(A)
such that a /∈ 〈h〉X . Then ab /∈ C(X ∩ H)K since HK is the direct
product of H and K, and we can take B wholly as Y . The case
when b /∈ Ωpi(B)-Cl(〈k〉) is considered in the same way.
Let now a ∈ Ωpi(A)-Cl(〈h〉) and b ∈ Ωpi(B)-Cl(〈k〉).
Since A is residually an Fpi-group, then Ipi′(A, 〈h〉) is locally cyclic ac-
cording to Proposition 1.5. By the condition, this subgroup is Fpi-separ-
able in A, hence, Ωpi(A)-Cl(〈h〉) = Ipi′(A, 〈h〉) and a ∈ Ipi′(A, 〈h〉).
Denote by u the generator of the subgroup 〈a, h〉 and consider two
cases.
Case 1. 〈k〉 is finite.
Since B is residually an Fpi-group, every its finite subgroup is
Fpi-separable. Therefore, b ∈ Ωpi(B)-Cl(〈k〉) = 〈k〉 and C is a pi
′-iso-
lated cyclic subgroup of the finitely generated abelian group 〈u, k〉.
It is known [5] that all pi′-isolated subgroups of a finitely gener-
ated nilpotent group are Fpi-separable. So there exists a subgroup
L ∈ Ωpi(〈u, k〉) such that g /∈ CL.
Note that for any pi-number l Ipi′(A, 〈h〉)
l ∩ 〈u〉 6 〈ul〉.
Indeed, let v ∈ Ipi′(A, 〈h〉) and v
l ∈ 〈u〉. By Proposition 1.4,
Ipi′(A, 〈h〉) coincides with the set of all pi
′-roots being extracted from 〈h〉
in A. So there exists a pi′-number m such that vm ∈ 〈h〉 6 〈u〉. Since
l and m are relatively prime, the equality lα +mβ = 1 holds for suit-
able integers α and β. From this it follows that v = vlα+mβ ∈ 〈u〉
and vl ∈ 〈ul〉.
Let now l = [〈u〉 : L∩〈u〉]. By Proposition 1.1, A is Fpi-quasi-regular
by Ipi′(A, 〈h〉). We use this fact and choose a subgroup X ∈ Ωpi(A) so
that X ∩ Ipi′(A, 〈h〉) 6 Ipi′(A, 〈h〉)
l. Since B is residually an Fpi-group,
there exists also a subgroup Y ∈ Ωpi(B) satisfying the condition
Y ∩ 〈k〉 = 1.
Suppose that g ∈ C(X ∩ H)(Y ∩ K) and g = cnxy for suitable
elements x ∈ X ∩ H , y ∈ Y ∩K and a number n. Since g, c ∈ 〈u, k〉
and a, h ∈ Ipi′(A, 〈h〉), then
x ∈ X ∩H ∩ 〈u, k〉 ∩ Ipi′(A, 〈h〉) = X ∩ Ipi′(A, 〈h〉) ∩ 〈u〉 6
6 Ipi′(A, 〈h〉)
l ∩ 〈u〉 6 〈ul〉 = L ∩ 〈u〉
and
y ∈ Y ∩K ∩ 〈u, k〉 = Y ∩ 〈k〉 = 1,
whence g ∈ CL what contradicts the choice of L. Thus,
g /∈ C(X ∩H)(Y ∩K)
as it is required.
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Case 2. 〈k〉 is infinite.
Let a = ul and h = uq. Since Ipi′(A, 〈h〉) coincides with the set of all
pi′-roots being extracted from 〈h〉 in A, we can consider q as a pi′-num-
ber.
Suppose that bq = kl. Then (ab)q = ulqbq = hlkl = (hk)l. But C
is pi′-isolated, so q = 1 and g ∈ C what is impossible. Therefore,
bqk−l 6= 1 and, since B is residually an Fpi-group, there exists a sub-
group Z ∈ Ωpi(B) which doesn’t contain this element.
Consider the group
GZ = 〈A ∗B/Z; [H,KZ/Z] = 1〉.
It is obvious that the natural homomorphism of B onto B/Z can be
extended to the surjective homomorphism ρZ : G→ GZ . Let
D = Ipi′(〈u, kZ〉, CρZ).
Since D lies in the finitely generated abelian group, it is cyclic and is
generated by an element d. Write it in the form d = x · yZ for suitable
elements x ∈ H , yZ ∈ KZ/Z.
Let s be a pi′-number such that ds ∈ CρZ . Then x
s ∈ 〈h〉 and so
x ∈ Ipi′(A, 〈h〉). From this it follows that Ipi′(A, 〈x〉) = Ipi′(A, 〈h〉).
Suppose that gρZ ∈ D. Then (gρZ)
r = (cρZ)
m for some numbers r
andm, while r can be considered without lost of generality as a pi′-num-
ber. Since b ∈ Ωpi(B)-Cl(〈k〉), then b ∈ 〈k〉Z and b ≡ k
t (mod Z)
for a suitable number t. We have
(uq · kZ)m = (h · kZ)m = (cρZ)
m = (gρZ)
r = (a · bZ)r = (ul · (kZ)t)r
whence m ≡ tr (mod n), where n is the order of kZ, and qm = lr due
to infinity of the orders of h and u.
Since Z has a finite pi-index in B, n is a pi-number. Therefore,
the congruencies qtr ≡ qm ≡ lr (mod n) imply that qt ≡ l (mod n).
But in this case
1 ≡ ktq−l ≡ bqk−l (mod Z)
what contradicts the choice of Z.
Thus, gρZ /∈ D, and, while we dont assert that D is pi
′-isolated
in H · KZ/Z, we can however repeat for GZ the same arguments
as in the case 1. As a result one can find in this group such subgroups
X ∈ Ωpi(A), Y/Z ∈ Ωpi(B/Z) that
gρZ /∈ D(X ∩H)(Y/Z ∩KZ/Z).
It is obvious that X and Y turn out to be required, and the proposition
is proved. 
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Note that withH = A andK = B the equalitiesΘpi(HK) = Ωpi(HK)
and Λpi(HK) = ∆pi(HK) hold. So Proposition 3.3 and the corollary
given below can be used also for describing of Fpi-separable cyclic sub-
groups of an arbitrary direct product of groups.
Corollary 3.4. Let the following statements hold:
1) A and B are residually Fpi-groups,
2) H and K are pi′-isolated in the free factors,
3) all cyclic subgroups which lie in H and are pi′-isolated in A are
Fpi-separable in A,
4) all cyclic subgroups which lie in K and are pi′-isolated in B are
Fpi-separable in B,
5) H and K don’t contain locally cyclic subgroups unless pi coincides
with the set of all prime numbers.
Then Λpi(HK) = ∅.
Proof. Let C be a pi′-isolated cyclic subgroup of HK generated
by an element c = hk, where h ∈ H , k ∈ K.
Let C be finite, and let g = ab, a ∈ H , b ∈ K, be an arbitrary
element which doesn’t belong to C. Since A and B are residually
Fpi-finite, there exist subgroups X ∈ Ωpi(A), Y ∈ Ωpi(B) such that
X ∩ 〈h〉 = Y ∩ 〈k〉 = 1,
a−1hm /∈ X whenever a−1hm 6= 1, and b−1kn /∈ Y whenever b−1kn 6= 1.
It is obvious that then g /∈ C(X ∩ H)(Y ∩ K) and so C is separable
by Θpi(HK).
If C is infinite, then at least one of the elements h and k has an in-
finite order. Let, for definiteness, h be such an element.
Since H is pi′-isolated in A, then Ipi′(A, 〈h〉) 6 H . If pi coincides
with the set of all prime numbers, then any subgroup is pi′-isolated
and so Ipi′(A, 〈h〉) = 〈h〉. Otherwise, by condition, H doesn’t contain
locally cyclic subgroups, and, therefore, Ipi′(A, 〈h〉) is cyclic too. But,
again by condition, any cyclic subgroup which lies in H and is pi′-iso-
lated in A is Fpi-separable in A. Hence, Ipi′(A, 〈h〉) and all its subgroups
of finite pi-index are Fpi-separable in A.
Thus, we can use Proposition 3.3 in this case, which states that C is
separable by Θpi(HK). 
The corollary proved in a combination with the main theorem lets
generalize the result of E. D. Loginova [4] that, if G is residually finite
and all cyclic subgroups of A and B are finitely separable in these
groups, then all cyclic subgroups of G are finitely separable too.
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Theorem 3.5. Let pi be a set of prime numbers which coincides
with the set of all prime numbers or is one-element. Let all cyclic
subgroups which lie in H and are pi′-isolated in A be Fpi-separable in A,
and let all cyclic subgroups which lie in K and are pi′-isolated in B
be Fpi-separable in B. Let also H and K don’t contain locally cyclic
subgroups unless pi coincides with the set of all prime numbers. If G
is residually an Fpi-group, then a pi
′-isolated cyclic subgroup of this
group is Fpi-separable in it if, and only if, it is not conjugated with any
subgroup of ∆pi(A) ∪∆pi(B). 
It is not difficult to show (see., e. g., [3]) that every pi′-isolated
cyclic subgroup of an arbitrary free group is Fpi-separable regardless
of the choice of a set pi. As it was already noted during the proof
of Proposition 3.3 the stronger assertion holds for finitely generated
nilpotent groups: all pi′-isolated subgroups of such groups are Fpi-separ-
able. So the next two statements result from Theorem 2.1 and Corol-
lary 3.4.
Theorem 3.6. Let pi be a set of prime numbers which coincides
with the set of all prime numbers or is one-element. Let A and B be
free groups, and let H and K be cyclic subgroups pi′-isolated in the free
factors. Then all pi′-isolated cyclic subgroups of G are Fpi-separable.

Theorem 3.7. Let pi be a set of prime numbers which coincides
with the set of all prime numbers or is one-element, and let A and B
be finitely generated nilpotent groups. If G is residually an Fpi-group,
then all its pi′-isolated cyclic subgroups are Fpi-separable. 
Note that the conditions of Theorem 3.6 are true for the group
Gmn = 〈a, b; [a
m, bn] = 1〉
with a suitable choice of numbers m and n. This group is investigated
in [10, 11], where the finite separability of all its cyclic subgroups is
proved.
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